Abstract. We present a cone-beam image reconstruction algorithm for helical CT scanning with a tilted gantry and N-PI data acquisition. When the gantry is tilted, the effective source trajectory in the patient's reference frame lies on an elliptical cylinder, rather than on a circular cylinder as in the standard helical scanning mode. The aim of this work is to provide a means of reconstructing an image object directly from conebeam projection data without transforming the image object into a virtual object and without rebinning projection data acquired for a real object into the projection data of the virtual object. This task has been accomplished by the application of an exact reconstruction algorithm, which utilizes an important geometrical property of the elliptical helical trajectory: the existence of generalized N-PI lines for a given image point. Based on this property, a mathematically exact image reconstruction scheme via filtering the backprojection image of differentiated projection data ͑FBPD͒ is applied to solve the reconstruction problem. Due to the gantry tilt, the required detector size is different from that of the standard helical trajectory ͑nontilted͒. A systematic analysis of the required detector size is presented. For an N-PI data acquisition scheme, an image may be reconstructed using data from an N-PI window, an ͑N −2͒-PI window, and so on. Although the images reconstructed using an N-PI ͑N Ͼ 1͒ window are noisier than the images reconstructed from a 1-PI window, a weighted-average scheme over reconstructed images is presented to generate a final image with significantly lower noise variance than that in the 1-PI data acquisition scheme. The image reconstruction algorithm was numerically validated using a mathematical phantom.
Introduction
Recently, the problem of cone-beam image reconstruction for helical computed tomography ͑CT͒ with a gantry tilt has attracted much attention. [1] [2] [3] [4] In clinical applications, it is important to have the flexibility to tilt the gantry. When the gantry is not tilted, the x-ray radiation may be directly delivered into human eyes during a head scan, which will lead to an increased risk of causing cataract due to the low radiation threshold for the formation of the cataract ͑Ϸ500 mGy͒. A CT scan with a gantry tilt may effectively reduce the direct x-ray exposure to the eyes while still accomplishing the desired imaging task. Another important application of a CT scan with a tilted gantry is the observation of the temporal bone, whose visibility may be compromised by artifacts caused by metallic dental fillings. Thus, there is significant clinical motivation for the development of efficient reconstruction algorithms that take the gantry tilt into account.
In the literature, a general reconstruction theory 3 has been proposed to solve the problem of cone-beam image reconstruction for helical CT with a gantry tilt. In this theory, the image object to be reconstructed inside a tilted helical trajectory is transformed into a virtual image object that lies inside a standard helical trajectory. Thus, the image reconstruction algorithms developed for the standard helical trajectory may be utilized to reconstruct the virtual object. Using this method, the cone-beam projection data acquired from a tilted-gantry geometry must be first rebinned into cone-beam projection data of a virtual image object inside the standard helix. A regridding scheme was introduced to obtain the image for the real image object after the virtual object is reconstructed. Using a mathematical connection in the dynamical helical pitch and tilted gantry data acquisition schemes, another image reconstruction method was proposed for a 1-PI data acquisition scheme. 5 Helical cone-beam CT is rich in data acquisition schemes. One interesting scheme is N-PI data acquisition 6, 7 with odd number N. The N-PI scheme enables one to use data outside the standard Tam-Danielsson window. 8, 9 For a given detector, the N-PI data acquisition window means that one can scan an object using a lower helical pitch than for the 1-PI data acquisition. Mathematically exact 10 or quasi-exact 7, 11 filtered backprojection image reconstruction algorithms for a 3-PI data acquisition and beyond have been developed for a standard helical trajectory. Most recently, a new cone-beam image reconstruction framework via filtering the backprojection image of differentiated projection data has been formulated first for a conventional helical trajectory 12, 13 and then generalized to a more general source trajectory [14] [15] [16] provided that a scanning source trajectory fulfills Tuy's data sufficiency condition and a PI line or a generalized PI line exists for a given image point. We refer to this new algorithm as an FBPD image reconstruction. Using this framework, image reconstruction algorithms have also been formulated and validated for other scanning configurations such as a standard helical trajectory with N-PI data acquisition, 17 a standard helical trajectory with variable pitch, 18 a helical trajectory with variable radius and N-PI data acquisition, 19 a saddle trajectory, 20 and other circle-base complete source trajectories. 21 In this paper, we apply the FBPD image reconstruction algorithm to a practical setting of helical CT with a gantry tilt and N-PI data acquisition. In our reconstruction algorithm, the image object is not transformed into a virtual object. Instead, we directly utilize the geometrical properties of the effective source trajectory for a tilted gantry. Thus, different from the general image reconstruction algorithm by Noo et al., 3 in our current image reconstruction framework, the acquired projection data are not rebinned into the projection data of the virtual object. A detailed analysis of the detector requirement on our scanning configuration with a gantry tilt and N-PI ͑N Ͼ 1͒ data acquisition scheme is also presented. In order to reduce the noise variance in the reconstructed images, we developed a weighted average scheme to synthesize the reconstructed images using projection from different M-PI windows ͑1 Յ M Յ N͒ to minimize the noise variance in the reconstructed images. The weights for each reconstructed image depends on the noise variance of the individual images. This provides a new way to better utilize radiation dose in the N-PI data acquisition scheme.
FBPD Image Reconstruction Algorithm for the Helical Source Trajectory with a Gantry Tilt and N-PI Data Acquisition Scheme 2.1 Helical Source Trajectory with a Gantry Tilt
In this subsection, the coordinate system to describe the helical source trajectory with a gantry tilt is introduced. A world system o-xyz and a tilted system o-xyЈzЈ are introduced. The tilted gantry may be obtained by a rotation about the x axis. Since the x-ray tube rotates about the zЈ axis, the motion of the source may be described as a circular motion in the o-xyЈ plane. The patient translation is assumed to be along the negative z direction in the world system. Therefore, in the patient reference frame, the effective source trajectory for helical CT with a tilted gantry may be parameterized by
where R is the gantry radius and h is the helical pitch.
Throughout the present paper, the unit vectors along the x , y , yЈ , z axes are denoted by x , ŷ , ŷ Ј, ẑ. Since ŷ Ј= cos ŷ + sin ẑ, Eq. ͑1͒ may be explicitly written as
where is the gantry tilt angle. This is the effective source trajectory seen in the patient reference frame. This source trajectory is shown in Fig. 1 . The projection of this source trajectory onto the x-y plane is x 2 / R 2 + y 2 / ͑R cos͒ 2 =1, i.e., an ellipse. Therefore this trajectory is referred to as an elliptical helix. This trajectory differs from the standard helical trajectory whose projection onto the x-y plane is a circle. Note that this source trajectory smoothly reduces to a circular helix when the tilt angle goes to 0.
Existence of a PI Line for 1-PI Acquisition and
Generalized PI Lines for N-PI Acquisition Schemes For the standard helical source trajectory, computationally efficient and mathematically exact cone-beam image reconstruction algorithms have been developed, 12, 14, 15, [22] [23] [24] [25] which each use a so-called 1-PI acquisition. 8, 9 To increase the flexibility of the data acquisition, the 1-PI acquisition concept has been generalized to an N-PI acquisition by extending the detector boundary symmetrically by one or more helical pitches. 6 Geometrically, the reconstruction for the 1-PI acquisition mode utilizes the projection data from the source positions that lie within the helical arc defined by the intersection of a 1-PI line and the source trajectory. Thus, the existence of a 1-PI line is necessary for each image point. If the N-PI acquisition mode is used for reconstruction, then the existence of an N-PI line, introduced below, is required.
In this subsection, we sketch the proof of the existence of generalized PI lines for a tilted helical source trajectory. As shown by Defrise et al., 26 the existence of a PI line is equivalent to the existence of a solution to the following equation:
for ͑n −1͒ Ͻ t 2 − t 1 Ͻ ͑n +1͒ and ͓0,1͔. In terms of components, Eq. ͑3͒ may be written as
͑4͒
In order to simplify the discussion, we introduce the following coordinate transformations:
Using these coordinates, Eq. ͑4͒ is rewritten as
Formally, these equations are identical to the equations used to determine PI lines in a conventional helical trajectory. 26 Therefore, the effective source trajectory for helical CT with a tilted gantry ͑an elliptical helix͒ has been reduced to a standard circular helix. Using the fact that the transformations defined in Eq. ͑5͒ provide a one-to-one map, the geometrical property of the existence of 1-PI line and N-PI lines ͑for odd N Ն 3͒ naturally carries over to the elliptical helical trajectory that corresponds to the helical CT with a gantry tilt. In the numerical simulation section, a numerical method to determine the end points of the N-PI line is presented.
Brief Review of the FBPD Algorithm for a
General Source Trajectory Zhuang et al. 14 have extended an FBPD image reconstruction algorithm, which was originally developed for a standard helical trajectory with 1-PI data acquisition, 12 to a large class of source trajectories. In order to use the FBPD image reconstruction formula, the existence of a PI line or a generalized PI line for any point inside a region of interest ͑ROI͒ is indispensable. Denoting the projection data by g͓r , y͑t͔͒ = ͐ 0 ϱ ds f͑y͑t͒ + sr͒, this algorithm is summarized by the following formula:
where
In these formulae, functions w 1 ͑x , k ͒ and w 2 ͑x , t͒ are two components of a factorized weighting function w͑x , k ; t͒:
w͑x,k ;t͒ = w 1 ͑x,k ͒w 2 ͑x,t͒ sgn͓k · yЈ͑t͔͒. ͑11͒
As shown by Zhuang et al., 14 the components w 1 ͑x , k ͒ and w 2 ͑x , t͒ are related to one another as follows:
Therefore, once the component w 2 ͑x , t͒ is chosen, the component w 1 ͑x , k ͒ may be readily calculated. If component w 2 ͑x , t͒ is a piecewise constant function, the component w 1 ͑x , k ͒ will also be a piecewise constant function.
In the next subsection we demonstrate that the aforementioned FBPD image reconstruction algorithm for a general source trajectory can be utilized to reconstruct images for helical CT with gantry tilt and N-PI data acquisition.
N-PI FBPD Image Reconstruction Algorithm for
Helical CT with a Gantry Tilt In the previous section, the existence of a PI line or an N-PI line has been established for a helical trajectory with a gantry tilt. Examples of 1-PI line and 3-PI line are shown in Fig. 2 . For N-PI data acquisition, an FBPD image reconstruction algorithm can be obtained by choosing the component w 2 ͑x , t͒ in the weighting function as follows:
where I N ͑x͒ = ͓t a ͑x͒ , t b ͑x͔͒ denotes an N-PI-line angular interval on the source trajectory, which is associated with an image point x.
With this choice of w 2 ͑x , t͒, w 1 ͑x , k ͒ may be determined as
Using this explicit expression for w 1 ͑x , k͒, the kernel function K͑x , xЈ͒ is calculated from Eq. ͑8͒ as
͑16͒
where e ͑x͒ = y͑t b ͒ − y͑t a ͒ has been introduced. If we align the z-axis of the vector k along the N-PI line, we obtain
͑17͒
where x and xЈ are now along N-PI lines, viz., x = ͑x , y , z ͒ and xЈ = ͑x Ј , y Ј , z Ј ͒. Therefore, an explicit one-dimensional Hilbert filtering kernel along N-PI lines has been obtained for the FBPD image reconstruction algorithm. For an object that is contained within a cylindrical volume inside the gantry, a finite Hilbert transform may be utilized to perform the filtering process. 27, 28 Thus the FBPD image reconstruction formula may be written as
where Q͑x , xЈ͒ is given in Eq. ͑9͒. The limits of integration −R 0 and R 0 are determined by the region of the image volume along the filtering line. The filtering-line-dependent constant C may be determined as
where g͑ê ͑x͒ , t 0 ͒ is the projection along the filtering line with t 0 = t a ͑x͒.
Generalized Tam-Danielsson Window for a Tilted Gantry
In practice, different image reconstruction algorithms have different requirements for the necessary detector size. In this section, the required detector window for a tiltedgantry helical scan is analyzed. A flat-panel detector and a third-generation scanning geometry are utilized to conduct the theoretical analysis and computer simulations.
The Tam-Danielsson window is used to determine the necessary detector size for a 1-PI acquisition using a standard helical trajectory. 8, 9 This window has been generalized to an N-PI window for the case of N-PI data acquisition, where the window is determined by the cone-beam projection of N successive helical turns to the detector plane 6 ͑Fig. 3͒. When N-PI data acquisition with N Ն 3 is used, the interrupted illumination 6 phenomenon occurs if the distance between the image point and the rotation axis is larger than a critical value. When interrupted illumination occurs, the projection of an image point may be outside the N-PI window from some view angles in the angular interval I N ͑x͒. In this paper, we consider a simplified situation where the radius of the cylindrical image object is less than the critical value so that there is no interrupted illumination. In the case of a helical source trajectory with a tilted gantry, this critical value may be obtained from the results on normal helical source trajectories 6 using a coordinate transfor- To facilitate the analysis of the required detector size for an N-PI data acquisition without interrupted illumination using the FBPD image reconstruction algorithm, we introduce the following notation: the line segment defined by the intersection between the N-PI line associated with a point x and the support of the image object is denoted as L N-PI ͑x͒. As indicated by Eq. ͑18͒, in order to obtain the correct image value at a point x, the illumination of every point on L N-PI ͑x͒ from each source position lying in the angular interval I N ͑x͒ is required. Since there is no interrupted illumination on account of the small radius that we have chosen, the projection of each point on the line segment L N-PI ͑x͒ onto the detector will lie inside the N-PI window from each view angle in the angular interval I N ͑x͒. Therefore, the illumination of the N-PI window will guarantee the illumination of any point on L N-PI ͑x͒. This detector window can be further restricted due to the finite function support along the transverse direction of a long object. Therefore, the required detector window is determined by the area of intersection between the N-PI window and the cone-beam projection of the function support.
Throughout the following subsections the required detector size will be geometrically analyzed. In order to accomplish this task, the following rotating detector coordinate system is introduced:
The unit vector along the cone-beam projection of any point r from the source point y͑t 0 ͒ can be expressed in terms of the detector coordinates.
From this equation, we obtain the detector coordinates of the projected point:
N-PI Data Acquisition Window for the Tilted Helix
The N-PI window, i.e., the cone-beam projection of the source trajectory r = y͑t͒ onto the detector plane, can be obtained by plugging Eqs. ͑2͒ and ͑20͒ into Eq. ͑22͒:
where ប = h /2. The parameter t in these equations can be eliminated to yield the following form of the boundary curves of the N-PI window:
In order to have a geometrical understanding on the projection of the elliptical helix onto the detector, the following remarks are beneficial:
• When the gantry is not tilted, i.e., = 0, Eq. ͑24͒ reduces to
͑26͒
As expected, we recover the results for a normal helix.
6
• The N-PI window for the tilted gantry is view-angledependent; this is different from the standard helix. A sample illustration of an N-PI window for one given view angle is given in Fig. 3 for the cases of N =1 ͑a͒ and N =3 ͑b͒.
Critical Radius
For a standard helical source trajectory using N-PI data acquisition, the minimal distance ͑normalized to the gantry radius͒ from an image point to the rotation axis to avoid interrupted illumination has been calculated by Proksa et al.:
where R is the gantry radius and 0 takes values 0.199, 0.124, and 0.09 for N = 3, 5, and 7, respectively. 6 Using the coordinate transformation introduced in Sec. 2.2,
a helical source trajectory with a tilted gantry, given by Eq. ͑1͒, is transformed into a standard helical source trajectory. The image object is also transformed to a virtual image object. Then the condition of no interrupted illumination can be expressed in the coordinate system after transformation as follows: 
Therefore, in the original coordinate system, the requirement of no interrupted illumination is given by the following inequality:
This inequality represents image points inside an elliptical cylinder with semimajor axis 0 R and semiminor axis 0 R cos. In our analysis, a cylindrical image object was assumed. Therefore, in order to avoid interrupted illumination, the radius r of this cylinder must satisfy the following inequality:
Cone-Beam Projection of the Image Object
As shown in Fig. 4͑a͒ , the cone-beam projection of the cylinder onto the detector plane is bounded by two straight lines. These lines are the cone-beam projection of two specific generating lines of the cylinder. When the gantry is tilted, these two lines are not parallel to each other. As shown in the appendix ͑Sec. 7͒, the equations for these two lines can be obtained by the cone-beam projection of four special points on the two generating lines onto the detector plane ͓Fig. 4͑a͔͒,
where the linear coefficients are given as
with x tan i , y tan i defined in the appendix.
Analysis of the Required Detector Size
Based on the results presented, assuming no transverse truncation of the projection data and no interrupted illumination, the boundary of the detector is determined by the intersection points between the boundary curves of the N-PI window and the cone-beam projection of the function support ͑Fig. 4͒. In contrast with the standard helical scan, the required detector window is view-angle-dependent in the case of a helical scan with a tilted gantry. It is difficult to analytically determine the required detector size. Therefore, we numerically determine the required detector size for a given set of scan parameters. Examples of 3-PI and 5-PI acquisitions are given below. The scanning parameters are the radius r = 1 of the cylinder image function support, the helical pitch h = 0.42, the gantry radius R = 5.22 for 3-PI acquisition and R = 8.1 for 5-PI acquisition, and the tilt angle = 15 deg for 3-PI and = 5 deg for 5-PI ͑Figs. 5 and 6͒.
Compared with the 1-PI acquisition, for a 3-PI acquisition, the detector is slightly shorter ͑along the direction parallel to the gantry rotation axis, i.e., the v direction͒; however, the detector must be wider ͑in the perpendicular direction, i.e., the u direction͒ so that no transverse data truncation occurs. In contrast, in comparison with the 1-PI acquisition, for a 5-PI acquisition, the detector is slightly longer and wider. The required detector dimensions can be determined from the difference between the maximal and minimal values of the u and v coordinates for t ͓0,2͒, respectively ͑Figs. 5 and 6͒.
Computer Simulations and Results

Numerical Implementation
In order to implement the N-PI FBPD image reconstruction algorithm for a tilted helical source trajectory, one must determine the view angles that correspond to the end points of the N-PI line. This can be accomplished using the following method. 29 Note that the cone-beam projection of the image point x from one of the end points of the N-PI line onto the detector plane will lie on the boundary curve that defines the N-PI window. If the local detector coordinates of the cone-beam projection are denoted as u ␤ ͑t͒ and v ␤ ͑t͒, then these local coordinates should satisfy Eq. ͑24͒:
and the expressions for u ␤ ͑t͒ , v ␤ ͑t͒ can be obtained by plugging x = ͑x , y , z͒ into Eq. ͑22͒:
One can numerically determine the view angles t a ͑x͒ , t b ͑x͒ by searching for the values of t that satisfy Eq. ͑34͒. The solution corresponding to the + in Eq. ͑34͒ will be the solution corresponding to view angle t a ͑x͒, and − will be the one corresponding to t b ͑x͒. Denoting the measured cone-beam projection data as g m ͑u , v , t͒, the implementation steps for the N-PI FBPD image reconstruction algorithm for a tilted helix are summarized below:
• Differentiate the cone-beam projections
• Calculate the view angles t a ͑x͒ and t b ͑x͒ corresponding to the end points of L N-PI ͑x͒, using the numeric method just described.
• Backproject the differentiated cone-beam projection data
where xЈ = ͑xЈ , yЈ , zЈ͒,
and the expression for y͑t͒ is given in Eq. ͑2͒. • Filter the backprojection image along the PI-line segment L N-PI ͑x͒ ͑see Sec. 3͒, using a finite-range Hilbert transformation
• Interpolate f͑x͒ onto a Cartesian grid.
In the next subsection the numerical studies performed using the preceding implementation steps are presented.
Results
In order to validate this algorithm, we have conducted computer simulations using a standard 3-D Shepp-Logan phantom. 30 In all simulations, 1200 view angles were uniformly distributed in each helical turn. A helical pitch of h = 0.42 was used. The detector sampling was ⌬u = ⌬v = 0.014. Each of the images in this section is displayed using a display window of ͓0.95, 1.05͔ unless otherwise specified.
Several reconstructions were performed using helical trajectories corresponding to 1-PI, 3-PI, and 5-PI acquisitions. In numerical simulations, the gantry radii have been selected to reduce the ratio between the radius of function support and the gantry radius. This setup guarantees that interrupted illumination is avoided in numerical simulations. The 1-PI FBPD reconstruction results are presented in Fig. 7 , where the gantry tilt is = 15 deg and the gantry radius is R = 4. The 3-PI FBPD reconstruction results are presented in Fig. 8 , where the gantry tilt is = 15 deg and the gantry radius is R = 5.22. The 5-PI FBPD reconstruction results are presented in Fig. 9 , where the gantry tilt is = 5 deg and the gantry radius is R = 8.1.
After reconstructing a sagittal slice from the phantom it is clear that the new algorithm survives the long-object problem. In summary, the new FPBD-based reconstruction algorithm for a tilted gantry and using N-PI ͑N =1,3,5͒ data acquisition has been numerically validated.
A Noise Reduction Scheme in N-Pi Data Acquisitions
When an N-PI ͑N Ն 3͒ data acquisition mode is used, images may be reconstructed using data within N-PI, ͑N −2͒ -PI, ͑N −4͒-PI,... windows via Hilbert filtering of the backprojection images along an N-PI line, an ͑N −2͒-PI line, . . ., and a 1-PI line. For a given image slice, the noise variance is higher when the image is reconstructed by filtering data along 3-PI lines than along 1-PI lines. Likewise, images reconstructed using a 5-PI window are noisier than the images reconstructed using the 3-PI window and the 1-PI window. This feature is due to the negative weights that have been introduced for the 3-PI and 5-PI acquisitions in our FPBD algorithm. In this section, we present a means to utilize these noisier images to obtain a combined image in which the noise variance is significantly lower than that of image reconstruction with the 1-PI window. Instead of using equal weights for each component image, we propose an unequal weighting scheme to generate a combined image. In this scheme, the weight of each image depends on the noise variance of the individual images. Although these different image reconstructions share some projection data, we assume that the noise distributions are not correlated in different image reconstructions. Our numerical experiments justify this assumption a posteriori. We start with a procedure to optimize the image noise variance of two images. Denote images reconstructed from an M-PI ͑M =1,3, ... ,N͒ window and noise variance of the corresponding images as I M and M 2 , respectively. Ideally, in characterizing the noise variance, one may acquire many realizations of the noise pattern. However, a representative noise variance measurement may be obtained from a single realization of the noise pattern by taking the variance of the noise pattern throughout a uniform image or a uniform ROI. While this representative measurement is not strictly equal to the ideal noise variance for a CT image, it still may be used in guiding our image combination technique. Note that only one set of projection data is collected per acquisition. Therefore, in our technique the noise variance values are measured in a single realization for each M-PI window.
We first consider a combination of images reconstructed from two different M-PI windows, e.g., I 1 and I 3 . The combined image I can be obtained by the weighted summation of these two images:
where a , b are the weights of I 1 and I 3 , respectively. When the correlation between the two images is assumed to be zero, the noise variance in the combined image can be calculated as follows:
Therefore, if we choose the weights
for each image, the minimal value of the noise variance in the combined image is achieved:
Similar results may be obtained for a combination image from any two other images. A combination image may also be obtained by a weighted average of three images reconstructed from three different M-PI ͑M =1,3,5͒ windows: 
͑45͒
where a , b , c are the weights assigned to the images. By omitting the covariance between images reconstructed from different M-PI windows ͑M =1,3,5͒, the variance of the combined image, 135 2 , can be roughly estimated as follows:
The minimal value of 135 2 is achieved when the parameters a , b satisfy the following equations:
The solution of these equations yields the optimal values of a , b , c as follows: Thus, with the appropriate weight assigned to each image, the image noise variance of a combination image is lower than that of a 1-PI-line image reconstruction. From the preceding analysis, it is also obvious that the arithmetic average with equal weight is inferior to the average with unequal weights. In the following, numerical simulations were conducted to validate the theoretical analysis. In our simulation study, images have been reconstructed from the projection data with Poisson noise. It was simulated that 2,000,000 photons were emitted per ray, and the 5-PI data acquisition mode was utilized. Three images were reconstructed using data within 1-PI, 3-PI, and 5-PI window, respectively, as shown in the upper row of Fig. 10 . It is obvious that the images reconstructed using data within 3-PI and 5-PI windows are noisier than the image reconstructed using the data from the 1-PI window. When more data are utilized, the reconstructed images have higher noise variance. Similar phenomena were also observed by other groups. 15, 17, 19 In order to separate the noise fluctuations from the reconstruction artifacts in noise measurements, two images reconstructed using projections with and without Poisson noise were subtracted. The noise variance was measured from the subtracted image. As an example, images reconstructed with and without Poisson noise and the subtracted image are shown in Fig. 10 . We demonstrate here the ideal scenario in which we may separate the noise contribution via a subtraction of the nonnoisy reconstruction. Obviously, in clinical practice this information will not be available. Thus, we would recommend using a surrogate measure of noise variance, such as the variance measured in an ROI with uniform CT number, to calculate the weights used for the image combination.
Several combination images from either two or three images reconstructed with N-PI ͑N =1,3,5͒ windows are presented in the lower row of Fig. 11 . The weights of the component images were assigned based on Eqs. ͑43͒, ͑48͒. The variance for each image in Fig. 11 is listed in Table 1 . We measured the noise variance over the subtracted image and compared it with the theoretical prediction given in Eq. ͑49͒. The expected variance for the combination images, which was obtained based on Eqs. ͑44͒ and ͑49͒, is also listed in this table for comparison. One may see that the combined image with proper weights has lower variance than that of any component image. The lowest variance was achieved when all three images reconstructed with 1-PI, 3-PI, and 5-PI windows were combined. The measured noise variance ͑first row in Table 1͒ matches the theoretical predictions ͑second row in Table 1͒ very well; this fact justifies our assumption that the correlation between two images may be neglected. The noise variance was also measured for combined images using equal weights, and it was found that equal weights gives higher image noise variance, as shown in the third row of Table 1 .
Conclusion
In this paper we have developed an image reconstruction algorithm for helical cone-beam CT with gantry tilt and N-PI data acquisition. Without transforming the image object into a virtual object and without rebinning acquired projection data into projections for the virtual image object, the image object may be reconstructed by utilizing an algorithm for filtering the backprojection image of differentiated projection data ͑FBPD͒ and a geometric property of the elliptical helical source trajectory, directly from the cone-beam projection data. The required detector size has been systematically investigated. Although images reconstructed using more projection data have worse noise properties, an appropriate weighted average over the component images has been proposed in this paper to obtain a combination image with lower noise variance. This provides a means to more efficiently utilize the radiation delivered to patients. The numerical study demonstrated the required detector size is heavily dependent on the scanning parameters. Numerical simulations were conducted to validate this algorithm for 1-PI, 3-PI, and 5-PI data acquisition modes. By simply setting the tilt angle to zero, the algorithm developed here is readily applicable to a standard helical trajectory with N-PI data acquisition.
Appendix
In this appendix, we derive Eq. ͑32͒. As shown in Fig. 4͑a͒ , the boundary of the cone-beam projection of a cylinder with radius r is determined by the cone-beam projection of two specific generating lines of the cylinder. These two lines are tangent to two fan-shaped regions and the cylinder. The equations for these two boundary lines can be determined by the cone-beam projection of two points on each of the lines. In order to determine the coordinate of any point on those two lines, we project the object and the source trajectory onto the x-y plane ͑Fig. 12͒. Note that the generating lines are parallel to the central axis of the cylinder, thus these two generating lines will yield two points in the x-y plane. From a simple geometric relation, we obtain cos͑ − t͒ = r R͑t͒ , ͑51͒ The coordinates of the projected point can be obtained by substituting r = x tan i into Eq. ͑22͒: The distance between the projected source position and the origin is given by R͑t͒.
